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1. Observational evidence for dark energy and statefinders.

A redhift-magnitude relation (generalized Hubble Law) applied to supernovae Ia

caused the“biggest revolution”in cosmology at the turn of 20th century:
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Here we also admittedstatefinders j, k.
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Statefinders (jerk, snap etc.)

Statefindersare the higher-order characteristics of the universe expansion which

go beyond the Hubble parameter and the deceleration parameter

H =
ȧ
a

, q = −
1

H2

ä
a

= −
äa
ȧ2

. (1)

They can generally be expressed as (i ≥ 2)

x(i) = (−1)i+1 1
Hi

a(i)

a
= (−1)i+1 a(i)ai−1

ȧi
, (2)

and the lowest order of them are known as: jerk, snap ("kerk"), crack ("lerk")
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the and pop ("merk"), "nerk", "oerk", "perk" etc. (Harrison’76, Landsberg ’76,

Chiba ’98, Alam et al. ’03, Sahni et al. ’03, Visser ’04, Caldwell, Kamionkowski

’04, MPD+Stachowiak ’06, Dunajski and Gibbons ’08)
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It changed “standard” cosmology based on Einstein-Friedmann equations

which are two equations for three unknown functions of timea(t), p(t), %(t)
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. (5)

plusan equation of state, e.g., of a barotropic type (w = const.≥ −1):

p(t) = w%(t) (6)

gives three standard solutions - each of them starts withBig-Bangsingularity in whicha → 0,

%, p → ∞

– one of them (ofK = +1) terminates at the second singularity(Big-Crunch)wherea → 0,

%, p → ∞ – the other two (K = 0,−1) continue to anasymptotic emptiness%, p → 0 for a → ∞.
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“standard” cosmology

by “standard” we meant the obedience ofthe strong energy condition(SEC) of Hawking and Penrose

RµνV µV ν ≥ 0, V µ − a timelike vector , (7)

(Rµν - Ricci tensor). In terms of the energy density and pressure it is equivalent to

% + 3p ≥ 0, % + p ≥ 0 . (8)

From (1) and (2) one has

−
4πG

3
(% + 3p) =

ä

a
= −qH2 , (q = −

äa

ȧ2
; H =

ȧ

a
) , (9)

which together with (5) means that

ä ≤ 0, or q ≥ 0 , (10)

so that the universe should decelerate its expansion in this“standard” case.
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SCP + High-z Team (’98-’99) made the plot to determineq0 ( j0 = k0 = 0)

Calan/Tololo

(Hamuy et al, 

A.J. 1996)
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and showed that the best-fit model is forq0 = ΩM /2 − ΩΛ < 0, so thaẗa > 0
(Perlmutter et al. (1999)) -favours dark energy with negative pressure such as a

Λ−term or quintessence (−1 ≤ w ≤ 0).

It leads to thestrongenergy condition (5)violation.
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Λ − term dark energy andΛ − term domination in future

Provided onlyw = const.≥ −1 matter appears in the universe (just the strong

energy condition is violated), the cosmological constant (w = −1) of any small

fraction will always dominate

Energy
density radiation

a(t)

Λ cosmological constant

dust

domain walls

Despite, as Fillipenko et al. ’99 showed, the best fit value ofw was≈ −2/3
(domain walls)
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Recent supernovae data

WMAP + SDSS + Supernovaecombined bound on the dark energy barotropic
index w (Tegmark et al. (2004)):

There is no sharp cut-off of the data atp = −%!!!

Dark energy with p < −% is likely! Exotic cosmological singularities and fundamental theories – p. 10/54



This is confirmed by other data:

Knop et al. 2003 (from SNe + CMB + 2dFGRS combined) –

w = −1.05+0.15
−0.20 (statistical)±0.09 (systematic)

Riess et al. 2004 (w < −1)

Seljak et al. astro-ph/0604335 –w = −1.04 ± 0.06

Thenp < −% matter is a serious (though troublesome - see

later)candidate for dark energy

though more recently Kowalski et al. (arXiv:0804.4142)

analyzed 307 supernovae (Sne + BAO + CMB) –

w = −1.001+0.059
−0.063 (statistical)+0.063

−0.066 (systematic)

The point is still thateven a small fraction ofw < −1 dark
energy (not theΛ-term) will dominate the evolution (see

later)
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2. Phantom dark energy. Phantom domination in future - Big-

Rip as an exotic singularity. Phantom duality.

Phantomis dark energy ofa very large negative pressure(Caldwell

astro-ph/9908168 - published in PLB 2002; after 2002 tens ofrefs which are not

listed

p < −%, or w < −1 , (11)

which violatesall the remained energy conditions, i.e., the null (NEC)

Tµνkµkν ≥ 0, kµ − a null vector , i.e., % + p ≥ 0 , (12)

the weak (WEC)

TµνV µV ν ≥ 0, V µ − a timelike vector , i.e., % + p ≥ 0, ρ ≥ 0 , (13)

and the dominant energy (DEC)

TµνV µV ν ≥ 0, TµνV µ − not spacelike , i.e., | p |≤ %, % ≥ 0 . (14)
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Simplest example of phantom:

a scalar field with negative kinetic energy

(l = −1 – phantom;l = +1 – a standard scalar field)

L = −
l
2

∂µφ∂µφ − V (φ) (15)

so that

ρ ≡ l
φ̇2

2
+ V (φ) , (16)

p ≡ l
φ̇2

2
− V (φ) , (17)

and so

% + p = lφ̇2 . (18)

Null energy condition is violated forl = −1!
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Interesting points about phantom:

– easily appears inBrans-Dicketheory (Einstein frame) forω < −3/2

S =
∫

d4x
[

R −
(

ω +
3
2

)

∂µφ∂µφ + . . .
]

(19)

which for ω = −1 is equivalent to low-energy-effective-string action in string

frame

– also in bulk viscous stress models (due to particle production)

– in higher-order gravity theories, k-essence; in superstring and brane cosmology

etc.

– transition from a collapse to an expansion impossible without null energy

condition violation (i.e. without effective phantom) - cf.in ekpyrotic models

(Turok et al. 2002)
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Phantom trouble:

classical and quantum instabilities (e.g. Buniy and Hsu hep-th/0502203) -

due to negative kinetic energy of phantom particles scattered rather gain

than lose energy

positive mass theorems fail

black hole thermodynamics is under trouble (cf. Gonzalez-Diaz

astro-ph/0407421; Pereira and Lima 0806.0682)

cosmic censorship conjecture fails (all three above rely onthe energy

conditions)

But see recent papers:

Cline et al. PRD 70 (2004), 043543;

Buniy, Hsu, Murray hep-th/0606091;

Rubakov hep-th/0604153; (no negative kinetic terms, NEC violated)

Creminelli et al. hep-th/0606090 (no instabilities, NEC violated)
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Radical approach

Proposes alternative explanation of supernovae dimmingdue toΛ + photon→
axion conversion. Mechanism affects only SnIa which is moststrongly biased

towardsw < −1.
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Phantom domination in future - Big-Rip. Phantom duality. Phantom divide.

For convenience take

| w + 1 |= −(w + 1) > 0 , (20)

so that the conservation law for phantom gives

% ∝ a3|w+1| . (21)

Conclusion:the biggerthe universe grows,the denserit is, and it becomes

dominated by phantom (overcomesΛ-term) –a future singularity appears –

Big-Rip %, p → ∞ for a → ∞

Curvature invariantsR2, RµνRµν , RµνρσRµνρσ divergeat Big-Rip

Only for −5/3 < w < −1 the null geodesics are geodesicallycomplete; for

other values ofw, including all timelike geodesics, there is a geodesic

incompleteness(Lazkoz et al. gr-qc/0607073, PRD ’07) - the singularity is

reached in an infinite proper time.
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Future evolution towards Big-Rip

In a Big-Rip scenario everything ispulled aparton the approach to a Big-Rip in a

reverse order (Caldwell et al. PRL ’03).

Specifically, forw = −3/2 Big-Rip will happen in 20 Gyr from now and the

scenario will be as follows:

in 1 Gyr before BR - clusters are erased

in 60 Myr before BR - Milky Way is destroyed

3 months before BR - Solar System becomes unbound

30 min before BR - Earth explodes

10−19 s before BR - atoms are dissociated

nuclei etc. .....

All this comes from the formulat ≈ P
√

2 | w + 1 |/[6π | 1 + w |], where P is the

period of a circular orbit around the system at radius R, massM.
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Phantom duality

BR to BR model as dual to standard BB to BC model

Big Bang Big Crunch

a(t)

factor,
Scale

a(t)
amax

time, t

time, t
a

Scale
factor,
a(t)

Big Rip time, tBig Rip

min

Duality: Standard matter (p > −%) ↔ Phantom (p < −%)

w ↔ −(w + 2) or better γ ↔ −γ γ = w + 1 (22)

i.e.

a(t) ↔
1

a(t)
(23)
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Phantom duality is similar to scale factor duality in superstring (pre-big-

bang) cosmology (Meissner, Veneziano ’92)

a(t)

t
1 23 4

t < 0 t > 0curvature and strongcoupling singularity at t = 0
Dual branches: pre-big-bang superinflationary (1) and post-big-bang

radiation-dominated (4)

a1(t) ↔
1

a4(t)
, φ(t) ↔ φ(t) − ln a6(t) (24)
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Phantom divide

The value of

w = −1 or γ = 0 (theΛ − term)

plays a role of the border in phantom duality - a border between the

standard/quintessential matter and the phantom matter

– it is often calledphantom divide.

There are many dynamical system studies of the problem of “crossing the

phantom divide” and possible return of the universe evolution to a non-phantom

phase which would allow to avoid a Big-Rip (e.g. Bouhmadi-Lopez, Madrid

astro-ph/0404540, Babichev et al. astro-ph/0407190 etc.).

Exotic cosmological singularities and fundamental theories – p. 21/54



Explicit examples of phantom duality, form-invariance

– exact dual classical solution standard/phantom matter + negativeΛ-term (MPD

et al ’03)

aw+1 =

[

A sin

(√
3

2
|w + 1|(−Λ)

1
2 t

)]
2

3(w+1)

=
1

a−(w+1)
, (25)

Duality:

dust (w=0)↔ hyperphantom (w=-2)

strings (w=-1/3)↔ superphantom (w =-5/3)

walls (w=-2/3)↔ phantom (w=-4/3)

– Other name:form-invariant symmetry(Lazkoz et al ’03)

- for a perfect fluid

H ↔ −H, % + p ↔ −(% + p) (26)
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Phantom triality

- for a scalar field (Wick rotated̄φ ↔ iφ)

˙̄φ2 ↔ −φ̇2, (27)

V̄ (φ̄) ↔ φ̇2 + V (φ). (28)

– phantomtriality (Lidsey ’04) - phantom duality extended to a correspondence

between standard, brane (cyclic) and phantom models

- generalizes conservation of the spectral indexns w.r.t. a change from rapid

accelerated expansion (ε ≡ −H/Ḣ2 � 1) to slow decelerated contraction (ε � 1)

(Boyle et al. hep-th/0403026) (λ2 < 6)

a = t2/λ2
↔ ã = tλ

2/2 ↔ â = (−t)−λ2/2, (29)

φ = (2/λ) ln t ↔ φ̃ = −λ ln t ↔ φ̂ = −λ ln (−t), (30)

V = 2λ−4(6 − λ2)e−λφ ↔ Ṽ = 4−1λ2(3λ2 − 2)e2φ/λ

↔ V̂ = 4−1λ2(3λ2 + 2)e2φ/λ. (31)
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Classical (isotropic and anisotropic) phantom cosmologies

Admissionw < −1 enlarges possible set of cosmological solutions.

The most desirable are the solutions which begin at Big-Bangand terminate

at Big-Rip.

Beginning
of phantom
domination
z=0,46+ 0,13−

Big
Rip

Big
Bang

Scale
factor,
a(t)

af

t f

time, t

Advantage: preserves standard Hot-Big-Bang results (turning point at z =

0.46 (sincej0 > 0) Riess et al. 2004)
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Exact radiation + superphantom (w = −5/3) model, anisotropic models

a
a0

=

(

[

1
2 Ωsp0(η − η0)

]2 − Ωr0

Ωsp0

)

1
6

dη =
(

a
a0

)4

H0dt (32)

– in homogeneous (Bianchi type) models shear anisotropyσ cannotdominate over

the phantom matter on the approach to a Big-Rip singularity since

%ph ∝ a3|w+1| >
σ2

a6
→ 0 (33)

for a → ∞.
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3. Quintom, hessence, phantom in brane cosmology, phantom in loop quan-

tum cosmology.

Quintomis a combination of quintessence and phantom (Feng et al.

astro-ph/0404224; Wei et al. gr-qc/0705.4002):

L = −
1
2

∂µφq∂µφq +
1
2

∂µφp∂µφp − V (φq, φp) (34)

which gives

w =
p
ρ

=
φ̇2

q − φ̇2
p − 2V (φp, φq)

φ̇2
q − φ̇2

p + 2V (φp, φq)
(35)

and leads to both phantom domination (φ̇2
p > φ̇q

2
) and quintessence domination

(...<...) during the evolution of the universe together with “phantom divide

crossing”.

On the other hand,oscillating quintomfulfills the equation of state (Feng et al.

astro-ph/0407432)

w = w0 + w1 cos [A ln a/ac] . (36)
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Hessence

is a non-canonical complex scalar fieldΦ = φ1 + iφ2 which by introducing new

variables (Weng et al. hep-th/0501160, astro-ph/0509328,astro-ph/0612746)

φ1 = φ cosh θ, φ2 = φ sinh θ (37)

gives the Lagrangian

L = −
1
2
[

∂µφ∂µφ − φ2∂µθ∂µθ
]

− V (φ) (38)

so that

w =
p
ρ

=
φ̇2 − φ2θ̇2 − 2V (φ)
φ̇2 − φ2φ̇2 + 2V (φ)

(39)

and it again plays the role of both phantom forφ̇2 < φ2θ̇2 and quintessence

(...>...).
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Phantom in brane cosmology

Phantom brane (RSII) cosmologies (MPD et al. IJMPD ’04, Gergely et al. ’06)

H2 =
8π

3m2
pl(4)

(

ρ +
ρ2

2λ

)

−
k
a2

+
Λ4

3
+

2mpl(4)U
8πλ

, (40)

whereλ is brane tensionandU is dark radiation. Phantom in brane cosmology

helps to fit supernovae, but not CMBR and nucleosynthesis. (For DGP brane

model fit see e.g. Lazkoz et al. astro-ph/0605701)

Note: there is a possibility for a bounceH = 0 in these modelsprovided brane

tension is negativeat the energy density

ρb = 2 | λ | and | λ | = −λ > 0. (41)

This means that non-singular oscillating cosmologies are possible in brane

cosmology (e.g. MPD et al. ’04, Freese et al. astro-ph/0405353).
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Phantom accretion onto a black hole

Phantom behaviour (pulling apart) may destroy black holes which would start

dominating at the contraction.

Phantom matter accretion onto a black hole may cause its massdiminishing

(Babichev, Dokuchaev, Eroshenko ’2004)

Effectively same as Hawking radiation.
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Phantom in loop quantum cosmology

However, in standard brane modelsonly extra timelike dimensionsgive a

possibility for negative brane tension (e.g. Shtanov and Sahni PLB, 557 (2003), 1).

It is amazing that in loop quantum cosmology the term whichsimulates negative

brane tensionappears in a natural way (Bojowald PRL ’02, gr-qc/0601085,

Ashtekar et al. ’06, Copeland et al. gr-qc/0510022 etc.):

H2 =
1

3m2
pl

(

ρ −
ρ2

ρc

)

−
k
a2

, (42)

where the critical density is

ρc ≡
√

3
16πγ3G2~2

, (43)

andγ is the Barbero-Immirzi parameter (γ ≈ 0.2375, see Meissner

gr-qc/0407052).
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Phantom in loop quantum cosmology

Big-Rip singularity can be avoided in LQC (e.g. Sami et al. gr-qc/0605113)

even if phantom is present - a bounce.

Energy exchange phantom-to-matter model (e.g. Gumjudpai

gr-qc/0706.3476) in LQC does not change the result though energy

exchange may alter the bouncing time.

Quintom, hessence in LQC (e.g. Wei et al. gr-qc/0705.4002) admit stable

attractors which are non-phantom(w > −1) and there is no Big-Rip

singularity.

Phantom duality versus PBB scale factor duality - in LQC the dual solutions

in PBB are regularized (De Risi et al. hep-th/0706.3586) andso the simple

phantom duality may not work in that context (but see also phantom triality,

Lidsey ’04).
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4. Other exotic cosmological singularities and statefinderblow-

up.

Big -Rip appears at some finite future timet = tBR ≈ 20 Gyrin analogy to

Big-Crunch att = tBC . Some people call it “sudden”, but we can have sth really

“sudden” (as we will learn later).

Sudden Future Singularity

– manifests as a singularity of pressure (orä) only

– leads to the dominant energy condition violation only

The hint (Barrow ’04):

release the assumption about the imposition of an equation of state

p 6= p(%), no analytic form of this relation is given (44)

Choose a special form of the scale factor (may be motivated infundamental

cosmologies) as:

a(t) = as [1 + (1 − δ) ym − δ (1 − y)n] , y ≡
t
ts

(45)

whereas ≡ a(ts) = const. andδ, A, m, n = const.

Obviously, fort = 0 one has a Big-Bang singularity.
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But what about t = ts? One has to look onto the derivatives ofa!

ȧ = as

[

m
ts

(1 − δ) ym−1 + δ
n
ts

(1 − y)n−1

]

, (46)

ä =
as

t2
s

[

m (m − 1) (1 − δ) ym−2 − δn (n − 1) (1 − y)n−2
]

.

If we assume that

1 < n < 2, (47)

then using Einstein equations (1)-(2) we get

a = const., ȧ = const. % = const.

ä → ∓∞ p → ±∞ for t → ts (48)
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Sudden future singularity

It is only thepressuresingularity withfinite scale factor and the energy density.

Possible universe evolution scenario:

Big
Bang

Sudden
Future
Singularity

Scale
factor,
a(t)

time, t

(or upwards in a similar way as in phantom scenario with an inflection point)
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Friedmann limit - “nonstandardicity” parameter δ

Friedmann limitis easily obtained in the limit of “nonstandardicity” parameter

δ → 0.

The parameterm can be taken to be just a form of thew parameter present in the

barotropic equation of state:

– 0 < m ≤ 1 whenw ≥ −1/3 (standard matter);

– m > 1 when−1 < w < −1/3 (quintessence);

– m < 0 whenw < −1 (phantom).

Near to SFS one has

aSFS = as [1 − δ(1 − y)n] , (49)

andn plays the role in making a pressure blow-up.

Important point:

Unless we takem > 1 or m < 0 as an independent source of energy,

pressure-driven dark energy (acceleration) is possible only for δ < 0!

We can call it pressure-driven dark energy (whatever it is!).
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SFS as a weak singularity

SFS are determined by ablow-up of the Riemann tensorand its derivatives

Geodesics do not feel SFS at all, since geodesic equations are not singular for

as = a(ts) = const. (Fernandez-Jambrina, Lazkoz ’04, also gr-qc/0607073)

(

dt
dτ

)2

= A +
P 2 + KL2

a2(t)
, (50)

dr
dτ

=
P1cosφ + P2 sin φ

a2(t)

√

1 − Kr2 , (51)

dφ
dτ

=
L

a2(t)r2
. (52)

Geodesic deviation equation

D2nα

dλ2
+ Rα

βγδuβnγuδ = 0 , (53)

feels SFS since att = ts we have the Riemann tensorRα
βγδ → ∞.

Exotic cosmological singularities and fundamental theories – p. 36/54



No geodesic incompletness

There is adifferencebetween the behaviour of the point particles and

extended objects (for example strings) at SFS. Point particles do not even

see SFS while extended objects may suffer instantaneous infinite tidal

forces but still may not be crushed.

No geodesic incompletness (a = const. and r.h.s. of geodesic eqs. do not

diverge)⇒ SFS are not the final state of the universe

They areweaksingularities (Tipler ’77, Królak ’86) -
∫ τ

0
dτ ′ | Ri

0j0(τ ′) |
does not diverge on approach to asingularity atτ = τs

Big-Rip and SFS are ofdifferent nature

Interesting comparison:

Schwarzschild spacetime atr = rg - metric singular, curvature invariants

regular

Sudden singularity models - metric regular, curvature invariants diverge
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Generalized Sudden Future Singularity, type III and IV, Big-Brake

GSFS appear as a singularity at the time derivative of the scale factor of an

orderr:

a(r) = as

[

m(m − 1)...(m − r + 1)
trs

(1 − δ) ym−r

+ (−1)r−1δ
n(n − 1)...(n − r + 1)

trs
(1 − y)n−r

]

, (54)

by choosing (Barrow ’04, Lake ’04)r − 1 < n < r, for any integerr , and

consequentlyin the appropriatepressure derivativep(r−2).

GenSFS fullfill all the energy conditions for anyr ≥ 3!!!

Type III (Nojiri, Odintsov ’04):a = as = const.,% → ∞, |p| → ∞

Type IV (Nojiri, Odintsov, Tsujikawa ’05):a = as = const.,% → 0, p → 0,
...a → ∞ etc.

Big-Brake = SFS (Gorini, Kamenschchik et al. PRD 69 (2004), 123512):

a = ab = const.,ȧ = 0 andä → −∞, sop → ∞.
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Strings at future singularities

Polyakov action in conformal gauge:

S = −
T
2

∫

dτdσηabgµν∂aXµ∂bXν (55)

Equations of motion

Ẍµ + Γµ
νρẊνẊρ = λ

(

X ′′µ + Γµ
νρX ′νX ′ρ

)

(56)

gµνẊµẊν = −λgµνX ′νX ′ρ (57)

gµνẊµX ′ν = 0 (58)

Invariant string size (λ = 1 - tensile strings,λ = 0 - null strings

S(τ) =
∫ 2π

0

√

gµνX ′νX ′ρdσ (59)
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Strings at future singularities

Circular string ansatz

t = t(τ), X = R(τ) cos σ, Y = R(τ) sin σ, Z = const. (60)

gives simple equations of motion in conformal time

η̈ + 2
a,η

a
Ṙ2 = 0 (61)

R̈ + 2
a,η

a
η̇Ṙ + λR = 0 (62)

η̇2 − Ṙ2 − λR2 = 0 (63)

and the string size

S(τ) = 2πa(η(τ))R(τ) (64)

For phantom

a(η) = η−2/(3|γ|+2) (65)
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Strings at future singularities

EOMs solve by

η(τ) = exp

(

±

√

3 | γ | +2
2 − 3 | γ |

η

)

, R(τ) =
η(τ)

2
√

3 | γ | +2 (66)

so

S(τ) = π
√

3 | γ | +2 exp

(

±
3 | γ |

√

4 − 9γ2
τ

)

(67)

Big-Rip for η → 0 → a(η) → ∞ (or τ → ∞ for ’+’ and τ → −∞ for ’-’)

Conclusion (Balcerzak, MPD ’06):Strings are infinitely stretchedS → ∞ at

Big-Rip

For SFSthe scale factoris finiteat η-time at SFS so thatthe invariant string size is

also finite.

The same is true for type III, IV and generalized SFS.
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Energy conditions and exotic dark energy

Big-Crunch may emerge despite all the energy conditionsare fulfilled

Big-Rip may emerge despite the energy conditionsare notfulfilled

SFS emerges when only thedominantenergy condition is violated

Generalized SFS do not lead toany violationof the energy conditions.

Conclusion:

an applicability of the standard energy conditions to cosmological models with

more exotic properties is not very useful.

Suggestion:

formulate some different energy conditions which may be helpful in classification

of exotic singularities.
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Statefinders and generalized energy conditions

As an example assume the first-order dominant energy condition in the form

%̇ + ṗ = −2H3

(

j + 3q + 2 + 2
K

a2H2

)

≥ 0 , (68)

%̇ − ṗ = −2H3

(

−j + 3q + 4 + 4
K

a2H2

)

≥ 0 , (69)

Result:It is not possible to fulfillthis dominant energy condition if a statefinderj
is singular. This is because the signs in the appropriate expressions in front of it

are theopposite.

Conluclusion:The violation of this first-order dominant energy conditioncan be a

good signal for the emergence of the generalized SFS.

Interesting point:Blow-up of statefinders(possibly read-off a redshift-magnitude

relation) may be linked to an emergence of future singularities:

|H0| → ∞ ⇒ BC, BR, | q0 |→ ∞ ⇒ SFS, | j0 |→ ∞ ⇒ GenSFS, etc.
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5. Timely nearness of pressure-driven singularity in future.

We have said previously that Big-Rip may appear in 20 Gyr in future (quite

safe for us!).

Now we ask the question of how far in future may a pressure singularity

appear (MPD et al. astro-ph/0704.1383)?

In order to do so one should first compare SFS models with observational

data from supernovae.

The redshift formula in these models reads as

1 + z =
a(t0)
a(t1)

=
δ + (1 − δ) ym

0 − δ (1 − y0)n

δ + (1 − δ) ym
1 − δ (1 − y1)n , (70)

wherey0 = y(t0) andy1 = y(t1).
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A redshift-magnitude relation for SFS cosmology.

We have

m(z) = M − 5 log10 H0 + 25 + 5 log10[r1a(t0)(1 + z)], (71)

wherer1 comes from null geodesic equation

∫ r1

0

dr
√

1 − kr2
=
∫ t0

t1

cdt
a(t)

. (72)

For a rough estimation of the dark energy models (acceleration) we study the

product

q0H0 = −
(

ä
ȧ

)

0

= (73)

−
t0

y0

m(m − 1)(1 − δ)ym−2
0 − δn(n − 1) (1 − y0)n−2

m(1 − δ)ym−1
0 + nδ (1 − y0)n−1 ,

which should be negative. Exotic cosmological singularities and fundamental theories – p. 45/54



Parameter space for pressure-driven dark energy
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Parameter space(H0q0, δ, y0) for fixed values of

m = 2/3, n = 1.9993, t0 = 13.3547 Gyr of the sudden future singularity models.

There arelarge regions of the parameter spacewhich admit cosmic acceleration

q0H0 < 0 . (74)
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SFS dark energy versusΛ-term dark energy (concordance cosmology - CC)

Distance modulusµL = m − M for the CC model (H0 = 72kms−1Mpc−1,

Ωm0 = 0.26, ΩΛ0 = 0.74) (dashed curve) and SFS model

(m = 2/3, n = 1.9999, δ = −0.471, y0 = 0.99936) (solid curve). Open circles

are for the ‘Gold’ data and filled circles are for SNLS data.
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Pressure singularity in the near future?

Surprising remark:

If the age of the SFS model is equal to the age of the CC model, i.e. t0 = 13.6
Gyr, one finds thatan SFS is possible in only 8.7 million years!!!.

In this context it is no wonder that the singularities were termed “sudden”.

It was checked that GSFS (generalized SFS - no energy conditions

violation) are always more distant in future. That means thestrongest of

SFS type singularities is more likely to become reality.

A practical tool to recognize them well in advance is to measure possible

large values of statefinders (deceleration parameter, jerk, snap etc.)!
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6. Testing fundamental theories with statefinders

Statefinders seem to be the best observational characteristics of the higher-order

gravity theoriessince in these theories all the quantities which characterize the

geometry enter the field equations in the higher-order derivatives (not only first

and second).

In the case of the 4th order gravitiesstatefinders become a very powerful tools to

constrain such theories observationallysince they enter observational relations in

the lower orders ofz (Poplawski ’06, ’07; Cappoziello et al. 0802.1583).

Besides, ablow-up of statefindersmay easily be linked to an emergence of exotic

singularities in the universe.

This is the point since fourth-order gravities are potentially plaguedby the exotic

singularities.

Also SFSplague loop quantum cosmology!- see Wands et al. 0808.0190.
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Fourth-order gravities.

When one considers the general gravity theories (e.g. Clifton & Barrow ’05;

Nojiri & Odintsov ’05):

S = χ−1

∫

dD√
−gf(X, Y, Z) (75)

in a D-dimensional spacetime, whereX, Y, Z are curvature invariants

X = R, Y = RabRab, Z = RabcdRabcd, (76)

then oneimmediately faces the 4th order field equations, exceptwhen they reduce

to the theories withEuler densitiesof the nth orderI(n) (Lovelock ’71)

S =
∫

M

dDx
√

−g
∑

n

κnI(n) , (77)
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of which examples are just thecosmological constant

I(0) = 1, κ0 = −2Λ(2κ2)−1 = −2Λ/16πG, (78)

theRicci scalar

I(1) = R, κ1 = (2κ2)−1, (79)

and theGauss-Bonnetdensity

I(2) = RGB = RabcdRabcd − 4RabRab + R2 , (80)

(κ2 = α(2κ2)−1, α = const.) etc.
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However, the theories based on the Lagrangians which are thefunctions of the

Euler densities such as

f(R) = f(X), f(RGB) = f(Z − 4Y + X2) , (81)

are again fourth-order.

The fact that the generalf(X, Y, Z) theories are the 4th order may have some

advantageous consequences onto their observational verification.

Exotic cosmological singularities and fundamental theories – p. 52/54



7. Conclusions

Apart from quintessence0 > p > −%, astronomical data gives a direct

motivation toa non-standard type of matterphantomwith p < −% as a

candidate for dark energy.

Phantom produces an exotic singularity –Big-Rip in which (a → ∞ and

% → ∞) which is different from Big-Crunch. However, in some scenarios

(quintom, hessence, brane cosmology, loop quantum cosmology) these may

be avoided.

Investigations of phantom inspired othersearches for non-standard

singularities in future(sudden future, generalized sudden future, type III,

type IV, Big-Brake etc.) which, in fact, both classically and quantum

mechanically are not “true” singularities as Big-Bang or Big-Rip.

However, despiteBig-Rip which may happen in 20 Gyr, these weak

singularities (of tidal forces and their derivatives) may appear quite nearly

in future. For examplean SFS may even appear in 8.7 Myrwith no

contradiction with supernovae data.
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conclusions contd.

Big-Rip and other exotic singularities appear in fundamental theories of

particle physics (scalar-tensor, superstring, brane, loop quantum cosmology

etc.).

In particular this refers to fourth-order gravity lagrangians which contain

higher-order derivativesof the geometric quantities (in a Friedmann model -

the scale factor).

These singularities may manifest themselves in thehigher-order

characteristics of expansionsuch as statefinders (jerk, snap, lerk/crack,

merk/pop).

Statefinders are then usefultoolsto detect a progress of the exotic

singularities in the universe. In other ways they may be the tool to test

higher-order fundamental theories of unified interactions.

Especially interesting exotic singularities which may differ 4th order

gravity theories from other theories are the generalized sudden future

singularities (GSFS) which allow singularities in higher derivatives (third,

fourth etc.) of the scale factor.
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